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Abstract-With the help of results in systems theory, a mathematical model of the morphology of polymers 
is established to analyze the relation between the morphology of polymers and the variation of time, 
temperature and pressure, based on which the two models of the morphology of amorphous polymers, 
i.e. random coil and short-range order, are discussed theoretically. The similarities and dissimilarities of 
the two models are explained in terms of systems theory. It is inferred that there exists, theoretically, a 
totally ordered state for any kind of polymer. In the last section, a new model of the morphology of 
polymers is introduced, of which the two models mentioned above are special cases. 
1. INTRODUCTION 
Scientists have argued about whether or not there is short-range order in glassy polymers since 
the 1960s. There are two typical opposite opinions, or models: one was suggested by Flory et al. 
and the other was advanced by Yeh et al. [l-4]; both of which will be discussed later. Using the 
theory of systems analysis, a mathematical model of the morphology and crystallization process 
of polymers was established in order to approach the subject from the point of view of systems 
theory. 
“System” is a fashionable concept in modern science and technology, but the idea appeared in 
the time of Aristotle. For example, Aristotle’s statement “The whole is more than the sum of its 
parts”, is a definition of a basic system problem. In the 192Os, L. von Bertalanffy introduced the 
concept of systems. Since then, a lot of different approaches to systems theory have appeared, and 
the word “system” is given different meanings in different disciplines [5]. In the early 1960s 
Mesarovic and Takahara [6], among others, began to establish a mathematical approach to 
systems theory in the most general case-the mathematical foundation of systems theory. In this 
paper, the models suggested by Flory and Yeh and the crystallization process of polymers are 
discussed in terms of systems theory in the most general sense. 
Definition 1.1 [7-91 
A is a system iff A is an ordered pair (M,F), where M is the set of all objects in the system A 
and F is the set of some relations among the objects in M. 
In Definition 1.1, for any /E F, there exists an ordinal n with f E M”; i.e. f is a relation on M 
with n variables. In the sequel, x E M means “element x is in M”; M* E M indicates that M* is a 
subset of M; that M* c M is a proper subset of M means that M* is a subset of M and M* # M. 
If an order relation has been defined between each pair of elements in a set W, such that any pair 
of elements from M can be compared, then W is termed as a linearly ordered set. All other concepts 
and results of set theory appearing in this paper can be found in Ref. [lo]. 
Definition 1.2 [7] 
Given a linearly ordered set W, a linked time system on W is a mapping S from W into a family 
of systems, say S(w) = (M,, F,), if w’ > w, then there exists a mapping 1;‘: M,, -+ M,, such that 
where r, s and t are any elements in W with s 2 r 2 t, and id,, is the identity mapping on the set 
M,; the linked time system is denoted by (S,lf, W} or {S(w),lf, W}. 
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2. MATHEMATICAL MODEL 
Given experimental material X, the existence of X can be verified by the following two facts: 
(a) the set of all molecules in X; (b) the set of all relations among the molecules in X. Hence, the 
material X can be described by a system (M,F), where M is the set of all molecules in X, and F 
is the set of all relations among the molecules in M. In the following, we only consider the set F 
of all relations among the elements (or molecules) in M, which describes the spatial geometric order 
of the molecules in M. From this it can be seen that the set F describes the spatial structure in 
which all the molecules in the material X are arranged. 
The two models, advanced by Flory and Yeh, respectively, are as follows: 
1. Flory er al. thought that in amorphous polymers, there exists neither long-range 
nor short-range order and they consist of intertwined, randomly-coiled polymer 
molecules, which has been proved by many experiments and described in many 
papers written by Flory et al. [e.g. 111. 
2. Yeh et al. thought that although there did not exist a long-range order in 
amorphous polymers, there exists a short-range order, which was supported by 
two facts: (a) the density of amorphous polymers is greater than its theoretical 
density according to the random-coil model; (b) some polymers crystallize so fast 
that it is unthinkable that in such a short time, the random-coiled polymer chains 
can disentangle and arrange in order to form crystal. The nodular structures, first 
observed by Schoon in 1964 [2,3], were thought to be experimental evidence 
confirming the existence of such a short-range order in amorphous polymers (see, 
for example, Refs [12,13]). 
Dejinition 2.1 
(a) Polymer (M, F) is Flory-amorphous, if F = 0 (empty set) or F = {a}. 
(b) Polymer (M, F) is Yeh-amorphous, if for any f~ F, there is a proper subset M, c M such 
that fl,, = f, and the polymer is not semicrystalline; [see Definition 2.2(b)]. 
(c) Any Yeh-amorphous polymer is termed locally ordered (structure). 
Definition 2.1(a) means that if a polymer X is Flory-amorphous, then there does not exist any 
relation between the molecules of the polymer X; i.e. the molecules are of a random-coil structure. 
Definition 2.1(b) indicates that if a polymer X is Yeh-amorphous, there does not exist a long-range 
relation, but short-range (or local) relations between the molecules of the polymer X exist, in other 
words, the set of the molecules is of a bundle structure. 
A crystalline polymer is a molecular crystal, in which the segments of polymer molecules are 
aligned spatially in a periodic order, discussed in detail in Ref. [14], so that we have the following. 
Definition 2.2 
(a) Polymer (M, F) is crystalline, if there exists fo F such that &,. #f, for any proper set 
M* c M, and there exists a cover g for the set M, consisting of subsets of M, such that for 
any A and B in cB’, there exists a one-to-one correspondence h: A + B, satisfying flA = fle 0 h, 
where fly indicates the restriction of the relation f on set Y, and h(x,, xi,. . . ,xa,. . .) = (h(x,), 
h(x,), . . . , Nx,), . * 4, a < /?, for any ordinality /-I and any (x,, xi,. . .,x,, . . .)E AB. 
(b) Polymer (M, F) is semicrystalline, if the polymer (M, F) is not crystalline, but there exists a 
non-empty proper subset M* c M such that (M*, FIM.) is crystalline, where FI,. = {f: f is the 
restriction on M* of some relation in F}. 
(c) If for a polymer (M, F) there exists f~ F such that JIM. # f, for any proper subset M* c M, 
then the polymer is termed a totally ordered polymer, or it is said that the polymer is totally 
ordered. 
If polymer (M, F) is crystalline, for any unit cell X in the polymer (M, F): define M, as the set 
consisting of all molecules, part of which is contained in X, then fiM = {M,: x is a unit cell in the 
polymer (M, F)j, consisting of subsets of M, is a cover of M; it follows from this fact that the main 
characteristics of crystalline polymers are described by Definition 2.2(a). Definition 2.2(b) explains 
that there exist some crystalline regions in semicrystalline polymers. 
Let R be the set of all real numbers, R, (= R) indicates temperature and R, = [0, + co) and 
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R, = [0, + co) indicate time and pressure, respectively; define an “order” relation “ <” on the 
Cartesian product W = R, x R, x R, as follows (see Fig. 1): for any (xi, y,, z,), (x2, y,, z2)g W, 
(x,,y,,z,) < (x,,y,,z,) iff either (i) z2 > z,,.-(ii) zi = z2 and y, > y, or (iii) z1 = z2, yi = y, and 
x1 < x2. 
It is not hard to show that the relation “<” is linear order. 
Now, let us establish a systems theory model of the cooling (or heating) process of a polymer. 
It is assumed here that the size of the molecules will not change as the temperature changes; i.e. 
the chemical reaction between molecules during cooling or heating will be neglected. In the following 
discussion, only the model of the cooling process of polymers is given. For the heating process, the 
order relation “ < ” defined above needs to be modified as follows: for any (xi, yi,zJ and 
(x2,y2,z2)~ W, (x,,y,,z,) < (x,,y,,z,) iff either (i) z2 < zi, (ii) z1 = z2 and y, < y, or (iii) zi = z2, 
y, = y, and x1 < x2 (see Fig. 2). 
In the state of temperature T, time t and pressure P, the set, consisting of all relations between 
molecules in a polymer X, is F,, where w = (t, T, P). Then in the state w, the polymer X can be 
described as a system (M, F,), where M is the set of all molecules in X, so that a linked time system 
is obtained as follows: 
{Wfv f’,), id,, W}, (*I 
where id M: M + M is the identity mapping on the set M. 
3. DESCRIPTION OF THE CRYSTALLIZATION PROCESS OF POLYMERS 
In the above section, a systems theory model, describing the morphology of polymers, has been 
established such that a given polymer system can be written as symbol (*) rather than a symbol 
X. From symbol X, the variation of the morphology of the polymer with the variation of 
temperature, time and pressure cannot be seen, while symbol (*) does describe this variation. In 
the following discussion, the symbol (*) will be used to describe the crystallization process of 
polymers. The different points of views of Flory and Yeh, concerning polymer morphology, will 
also be analyzed in this section. 
First, let us review briefly the crystalline process of polymers. 
The crystalline process is the process that a polymer changes from an amorphous state to the 
ordered state or the crystalline state, i.e. it changes from a state (M, F,,), where either F,, = 0 or 
F,, = (0), or for any ~EF,~, there exists a proper subset M, c M with &, =f, to a state 
(M, F,,), where there exists ~EF,~ such that for any proper subset M* c M; flMe #J The 
crystallization process can be divided into two steps. The first one is called nucleation, that is to 
say, when temperature is lower than the melting temperature, the activity of the molecular chains 
decreases, which means that the attractive force or interaction between any two molecules increases, 
so that there would be a tendency for the molecules to get together to form a short-range order. 
This kind of small locally ordered regions are called nuclei. The second step is called growth. 
Fig. 1 Fig. 2 
496 Y. LIN and Y. QIU 
Although at certain temperature and pressure values, many nuclei can be formed, at the same time, 
they will probably be disintegrated because the ratio of the surface and the volume is still too great 
and the surface energy is too high. However, as soon as the nuclei grow large enough (or reach 
their critical size), which is caused by the fluctuation of local energy, their energy will be lower as 
more and more molecules join them. The molecules in the nearby region would prefer to join those 
nuclei so that they will grow larger and larger. 
3.1. Description of the Flory model 
Suppose that at time t = 0, temperature To (T, 2 T,, where T, is the melting temperature) and 
pressure PO, a polymer X is in a state (M, F,,), where w0 = (0, T,, P,). According to the Flory 
model and Definition 2.1(a), either F,, # @ or F,, = {a}, and at any time t, either F,, = 0 or 
F,,,, = (01, where w, = (t, T,,P,). 
When T < T,, 
(1) The activity of the molecular chains of the polymer decreases such that it becomes 
possible that a few of the molecular chain segments arrange in order and form a 
nucleus of the critical size. The nucleus will grow into a lamella. This process is 
called homogeneous nucleation. 
(2) When there exists a certain amount of impurities in the melting polymer, the 
nuclei will be formed by those impurities as well as the wall of the container used 
in the reaction [ll]. This mechanism is called heterogeneous nucleation, and it 
is the predominant mechanism in most cases. 
From the completeness of the system of real numbers and the fact that time and pressure cannot 
be infinitely long and infinitely great, respectively, in the crystallization process, it follows that there 
exist time t, , temperature Tl and pressure P, such that there appear locally ordered regions in the 
state (t 1, Tl , PI). If the polymer should crystallize later, these ordered regions may reach the critical 
size and become the crystallization centers in some state (t2, T2, PJ. However, in any state before 
the state (t,, Tl, PI), there is no locally ordered structure in the polymer. It follows from Definition 
2.2(a) that there exist time t,, temperature T3 and pressure P,, such that in state (t3, T3, PJ, a 
totally ordered structure appears in the polymer, and in any state before the state (t3, T3, P3). it is 
impossible for the polymer to be totally ordered. It can be seen that in all these three states 
(t,, T,,P,), (t2, T,,P,) and (t3, T,,P,), the temperature must be lower than the melting point. It 
should be pointed out that the totally ordered structure [of course, this includes the crystalline 
structure in Definition 2.2(a)] is an ideal case. If it means totally crystallization, the process should 
be a limit-approaching process. In practice, usually, it is impossible for most of polymers to 
crystallize perfectly. 
3.2. Description of the Yeh model 
Suppose that at time t = 0, temperature T = To (2 T,) and pressure P = P,, polymer X is in 
the state (M,F,,,), where w0 = (0, T,,P,). Then according to the Yeh model and Definition 2.1(b), 
P,, + 0 and F,,, z (0). 
When temperature T < T,, 
(1) The short-range (or locally) ordered regions in the melting state of the polymer 
X are the preparation of the formation of nuclei. Thus, the above-mentioned state 
(t,, T,,P,) does not exist, i.e. the condition under which molecules start to align 
locally in the Flory model. In the Yeh model, therefore, the energy and time, used 
in the nucleation process of a polymer, are less than in the Flory model. The 
solidification point, (t2, T2, PJ and the totally ordered point (t3, T,, PJ also exist 
in the Yeh model. 
According to the assumptions above, it may be inferred that any polymer which cannot crystallize 
in experiments or practical processes, may crystallize under certain ideal conditions because there 
exist locally ordered regions in these polymers, which implies that they also have a tendency to 
crystallize. 
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Fig. 3 Fig. 4 
Question 
According to the mathematical model above, there exists a totally ordered state (tar T3, P,), 
(1) does it really exist? 
(2) if it does exist, under what theoretical conditions can it be reached? 
4. OUR MODEL OF MELTING POLYMER MOLECULES 
According to the discussions in previous sections, an interesting result was obtained: any polymer, 
which cannot crystallize in experiments or practical processes, may crystallize under ideal conditions. 
At the same time, in Section 3, a specific and very important problem was posed. This problem is 
important because different understandings of the problem yield completely different results and 
research directions. For example, if we agree with the existence of the state (t3, T3,P3), then the 
work searching for the theoretic conditions under which the state is reached holds the balance, 
because this kind of work will provide evidence to support that the state (t3, T,,P,) exists. On the 
other hand, if the state (t3, T3,P3) does not exist, this implies that the Flory model and the Yeh 
model are incomplete, and the two models only describe some “cosmic” distributions of molecules 
in melting polymers under certain conditions. 
Because the main purpose of this paper is to discuss the mathematical model part of our work, 
we only outline the framework of our new model of the distribution of polymer molecules, a 
detailed discussion of our model can be found in a forthcoming paper. 
Our new model is based on the following: (i) the beauty of the systems theory model described 
above; (ii) the following view of dialectical materialism-the internal movement of contradictions 
dominates the development of the matter. 
From now on, suppose that the state (t3, T,,P,) does not exist. 
For a given polymer A it follows from the discussion in Section 3 that A must crystallize under 
certain ideal conditions. Suppose that X is a cell in the crystalline polymer A. The spatial geometric 
relation (called the structure of the cell X) of the molecular long chains in the cell X is termed 
basic structure of the polymer A. 
The following is our model: no matter what state the polymer A is in, there exist a lot of groups 
of molecules in A, such that each molecule in A is contained in exactly one of the groups, and 
every group is “topologically” isomorphic to the basic structure of the polymer A. 
In the following we use examples to explain the “topological” isomorphism of the basic structures 
of polymers. 
We still assume that X is a cell in the crystalline polymer A. For convenience, suppose that the 
spatial geometric relation of the molecular long chains in X looks like that shown in Fig. 3. When 
the polymer A is melting, this structure no longer exists, but there still exists some kind of relation 
between molecules in A, and the new structure is “topologically” isomorphic to the basic structure 
of the cell X described in Fig. 3. For example, some molecular long chains in melting polymer A 
have the structure described in Fig. 4. 
In Fig. 4, the molecular structure shown by the thick curve is “topologically” isomorphic to the 
molecular structure in Fig. 3. This is because the intertwining part of the structure in Fig. 4 can 
be obtained in the way described in Figs 5 and 6. 
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Fig. 5 Fig. 6. Molecular subchains 1 and 2 intertwine 
in the way shown in Fig. 5. 
It can be seen from our model that the Flory model describes the fact that the polymer molecular 
chains intertwine, when the polymer A is in the melting state; whence we cannot observe the 
implicit relation of the molecular chains with the aid of present instruments. Thus, we can say that 
the Flory model only describes the intertwining of molecular chains. At the same time, the Yeh 
model implies that with some special experimental methods, the relation of melting polymer 
molecular chains can be observed locally. 
Based on our model, the crystallization process of polymers can be redescribed as follows. In 
the crystallization process of the polymer A, because of the undulation of energy, some “cells” (i.e. 
the groups of molecules in the melting polymer) and impurities become crystallization centers, that 
is to say, some groups of molecules in the melting polymer A begin to return to the basic structure 
of A. During the process for these groups of molecules to return to the basic structure of A, the 
molecular chains in the crystallization center groups begin to extricate themselves from those of 
the surrounding groups of molecules; at the same time, there are some fluctuations of energy during 
the process of extrication of molecular chains, these fluctuations of energy cause the surrounding 
groups of molecules to start to crystallize, i.e. to return to the basic structure of A. Whence the 
following can be observed during the process of crystallization: in a melting polymer, some 
crystallization centers appear first, then there appear more and more cells around the centers. 
With the help of the above model of molecules in melting polymer, a lot of phenomena, which 
cannot be explained with the Flory model and the Yeh model, can be understood. For example, 
why is the crystallization speed of polymers so fast? Some local orders can be observed in the 
polymers which do not crystallize in experiments, why? Why can polymers be caused to crystallize 
by y-rays? Why is the crystallization of polymers not complete? Readers interested in these problems 
can see how we answer these questions in our subsequent works. 
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